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Abstract

An integral formula is derived, relating the six irreducible components of the intrinsic torsion of an SnSp1
structure on a compact 4n-dimensional manifold with the Riemann curvature tensor. Some consequences
formula are studied.
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Introduction

In a previous article[2] we presented a method for obtaining, on a compact manifold wit
orthogonal G-structure, an integral formula relating the intrinsic torsion of the structure with
curvature of the underlying Riemannian structure. There, the cases ofG = Un, SUn, G2 and Spin7 were
studied. In this follow-up we study the case ofG = SpnSp1, referred to sometimes in the literature as
“almost-quaternionic-Hermitian structure”.

Briefly, the idea of our previous article[2] is the following. LetM be a compact Riemannian manifo
with an orthogonalG-structure, i.e., the structure group ofM is reduced to a subgroupG of the
orthogonal group, whereG is assumed to be the stabilizer (in the orthogonal group) of ak-form Φ.
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In the present case ofG = SpnSp1 we havek = 4 andΦ is commonly called “the fundamental 4-form
The covariant derivative∇Φ (with respect to the Levi-Civita connection of the underlying Riemann
metric) can then be naturally identified with theintrinsic torsionτ of theG-structure, so that∇Φ = 0 if
and only ifτ = 0, in which case the local holonomy of the Levi-Civita connection is contained inG; see
for example the book of S. Salamon[5] for more details.

From the Bochner–Weitzenbock formula for the Laplacian onk-forms one obtains, after integratio
by parts, a formula of the form

∫
M

‖dΦ‖2 + ‖d∗Φ‖2 − ‖∇Φ‖2 =
∫
M

〈R̃Φ,Φ〉,

whereR̃ is a certain operator onk-forms induced by the Riemann curvature tensorR.
Next, using some elementary representation theory, we decompose all tensors in the above form

their G-irreducible components and obtain, under certain representation-theoretic conditions (s
for G = SpnSp1; seeSection 2.1), a formula relating theL2-norms of the irreducible componentsτi of
the intrinsic torsion with the integral of a certain curvatureG-invariant,

(1)
∑

i

ci

∫
M

‖τi‖2 =
∫
M

tr(R,g⊥),

for some real constantsci depending only onG (and neither onM nor on the particularG-structure);
R is the so-called curvature operator of the Riemannian structure (i.e., a section of End(Λ2(T ∗M)); see
Section 2.1below for details). In this way, one obtains a curvature obstruction to the existence of c
G-structures characterized by their torsion properties.

This article is devoted to the derivation of the formula in the case ofG = SpnSp1 and the study o
some of its consequences.

In Section 1following this introduction we collect some standard information about the group SpnSp1
and its representations and establish the notation and terminology used in the rest of the article.

Section 2contains the bulk of the article, consisting of the computation of the constantsci , thus
establishing the precise form of formula(1) (seeTheorem 1). This computation recovers the well know
fact [8] that, forn > 2, an SpnSp1-structure with closed fundamental 4-form is torsionless.

Section 3discusses various consequences of the formula. For example, we derive the following
ently new result (Corollary 2): A compact quaternionic-Hermitian manifold with non-positive comp
sectional curvature is necessarily quaternionic-Kähler.SeeDefinitions 2and3 in Section 3below for
the definitions of complex sectional curvature and quaternionic-Hermitian manifold (respectively)

1. SpnSp1-structures

In this section we collect some basic terminology and properties of the group SpnSp1 and its
representations. We do not claim any originality for this material and suggest the book of S. Salam[5]
and the article of A. Swan[8] as references.
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1.1. Definition of the groupSpnSp1

Denote byH the space of quaternionsx = x0 + ix1 + jx2 + kx3, xµ ∈ R, µ = 0, . . . ,3, with
i2 = j2 = k2 = −1, ij = −ji = k, etc. Denote conjugation onH by x �→ x̄ = x0 − ix1 − jx2 − kx3,
so that|x|2 = xx̄ = x̄x = ∑3

µ=0(xµ)2 is the usual Euclidean norm. Denote byV := H
n the space o

columns ofn-tuples of quaternionsv = (v1, . . . , vn)
t , vα ∈ H, α = 1, . . . , n. Introduce a Euclidean norm

onV by ‖v‖2 := ∑n
α=1 |vα|2. ThenV is a real 4n-dimensional Euclidean vector space. Denote its (pro

orthogonal group by SO4n.
MakeV a quaternionic vector space (anH-module) by lettingH act onV by scalar multiplication on

theright. The group ofH-linear automorphisms ofV is denoted by GLn(H), given by left multiplication
by n × n invertible quaternionic matrices.

Right multiplications byi, j , k define onV three orthogonal almost complex structuresI , J , K ;
denote the corresponding three Kähler forms byωI , ωJ , ωK (respectively).

Let Spn ⊂ SO4n denote the subgroup preserving the triple of 2-formsωI,ωJ ,ωK . An orthogonal
transformation preserves an almost complex structure if and only if it preserves the corresponding
form, hence Spn = SO4n ∩ GLn(H). In particular, Sp1 is just unit quaternions.

Let SpnSp1 ⊂ SO4n denote the image of Spn × Sp1 in SO4n under the combined action onV,
(A, x) :v �→ Avx−1. The kernel of this action is easily seen to be{±(1,1)} ⊂ Spn × Sp1, hence
SpnSp1

∼= Spn × Sp1/{±(1,1)}.
Note that Sp1Sp1 = SO4, so we will only consider here SpnSp1 for n � 2.

1.2. The fundamental 4-form and the intrinsic torsion

It is easy to see that the 4-formΦ := ωI ∧ ωI + ωJ ∧ ωJ + ωK ∧ ωK ∈ Λ4(V∗) is SpnSp1-invariant,
hence it defines on a 4n-manifold with an SpnSp1-structure a 4-form, calledthe fundamental4-form, and
denoted here for simplicity also byΦ.

Moreover, the group SpnSp1 is actually the stabilizer ofΦ in SO4n (in fact, even in GL4n(R), for n � 2,
although we do not use this fact here), hence a reduction to SpnSp1 on a Riemannian 4n-manifold is given
by its fundamental 4-form. The covariant derivative∇Φ can be identified with the intrinsic torsion of th
SpnSp1-structure, as we now explain.

For a subgroupG ⊂ SO4n with a Lie algebrag ⊂ so4n
∼= Λ2(V∗), the intrinsic torsion of aG-structure

is a sectionτ of the bundle associated withW := V∗ ⊗ g⊥, whereg⊥ is the orthogonal complement ofg

in Λ2(V∗).
There is a bilinear map· :Λ2(V∗) × Λk(V∗) → Λk(V∗), essentially the derivative of the pull-bac

action of SO4n on k-forms, defined by the formula

(θ1 ∧ θ2) · ψ = θ2 ∧ [
int(θ1 ⊗ ψ)

] − θ1 ∧ [
int(θ2 ⊗ ψ)

]
,

where int :V∗ ⊗ Λk(V∗) → Λk−1(V∗) is “interior product” (contraction), given fork = 1 by the inner
product, and extended fork > 1 as an anti-derivation (with respect to theΛk(V∗) factor).

Since G = SpnSp1 is the stabilizer ofΦ ∈ Λ4(V∗), its Lie algebrag = spn ⊕ sp1 is the kernel
of the map·Φ :Λ2(V∗) → Λ4(V∗), thus inducing aG-equivariant identification of the torsion spa
W := V∗ ⊗ g⊥ with a certain subspacẽW ⊂ V∗ ⊗ Λ4(V∗), mappingτ �→ ∇Φ. And so in order to
decompose∇Φ into its G-irreducible components it suffices to decomposeV∗ ⊗ g⊥ and apply·Φ to
the second factor. This we do in the next subsection.
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1.3. Representation theory

In general, the complex irreducible representations of a product of compact groupsG1 × G2 are
given by tensor productsA1 ⊗ A2, whereA1 and A2 are complex irreducible representations ofG1

andG2 (respectively). When decomposing an SpnSp1-representation into irreducibles, we therefore fi
complexify (in case we start with a real representation such asV), then decompose into a sum of tens
productsA1 ⊗ A2, with A1 andA2 complex irreducible representations of Spn and Sp1 (respectively).
Clearly, as ourG ∼= Spn × Sp1/{±(1,1)}, we will only encounterA1 ⊗ A2 for which (−1,−1) acts
trivially.

Let E denote the complex vector space obtained fromV = H
n by fixing the almost-complex structur

I (i.e., restrict the rightH-action toC ⊂ H). Then left multiplication by quaternionic matrices turnsE
into a complex 2n-dimensional irreducible unitary representation space for Spn.

Let e1, . . . , en be a quaternionic unitary basis forV (i.e., they are mutually orthogonal unita
vectors whichH-spanV) and leteα = eαj , α = 1, . . . , n. Then{eα, e

α}n
α=1 is a (complex) unitary basi

for E. Denote by{zα, z
α}n

α=1 the corresponding (complex) dual basis ofE∗. DefineΩ = ωJ − iωK .
A computation shows thatΩ = ∑

α zα ∧ zα. HenceΩ ∈ Λ2(E∗) and is Spn-invariant.
Denote the orthogonal complement ofΩ in Λ2(E∗) by Λ2

0(E
∗). More generally, denote the orthogon

complement ofΩ ∧Λk−2(E∗) in Λk(E∗) by Λk
0(E

∗). ThenE∗,Λ2
0(E

∗),Λ3
0(E

∗), . . . ,Λn
0(E

∗) are complex
irreducible, mutually distinct, Spn-representations.

Passing to Sp1, we denote byΣ the dual of the complex 2-dimensional Sp1-representation obtaine
from H by restricting to right-scalar multiplication byC ⊂ H. Let {p,q} ⊂ Σ be the basis dual to{1, j}.
Thenω := p ∧ q ∈ Λ2(Σ) is Sp1-invariant. A complete list of the complex irreducible representation
Sp1 is given by the symmetric powersΣk := Sk(Σ), k = 0,1,2, . . . .

Next, we have an isomorphism of complex SpnSp1 representations,E ⊗C Σ∗ ∼= V ⊗R C, given on
basis elements by

eα ⊗ 1 �→ eα − √−1(eαi), eα ⊗ j �→ eαj − √−1(eαk),

eα ⊗ 1 �→ eαj + √−1(eαk), eα ⊗ j �→ −eα − √−1(eαi),

followed by multiplication by 1/
√

2 (so as to be an isometry).
Using this isomorphism, we have

Λ2(V∗) ⊗ C ∼= Λ2(E∗ ⊗ Σ) = [
S2(E∗) ⊗ Λ2(Σ)

] ⊕ [
Λ2(E∗) ⊗ Σ2

]
= [

S2(E∗) ⊗ ω
] ⊕ [Ω ⊗ Σ2] ⊕ [

Λ2
0(E

∗) ⊗ Σ2].
The first two summands in the last formula correspond to the Lie algebrag := spn ⊕sp1 ⊂ so4n

∼= Λ2(V∗)
so the last summand isg⊥ ⊗ C and is irreducible.

We thus get for the SpnSp1 intrinsic torsion space

W ⊗ C := (V∗ ⊗ g⊥) ⊗ C ∼= [E∗ ⊗ Σ] ⊗ [
Λ2

0(E
∗) ⊗ Σ2

]
(2)∼= [

E∗ ⊗ Λ2
0(E

∗)
] ⊗ [Σ ⊗ Σ2].

Now we need the following decompositions:

• The Spn-decomposition:

E∗ ⊗ Λ2
0(E

∗) ∼= Λ3
0(E

∗) ⊕ E∗ ⊕ K,
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– Λ3

0(E
∗) → E∗ ⊗ Λ2

0(E
∗) is given by inclusion; forn = 2, Λ3

0(E
∗) = 0.

– E∗ → E∗⊗Λ2
0(E

∗) is given by wedging withΩ followed by orthogonal projectionE∗⊗Λ2(E∗) →
E∗ ⊗ Λ2

0(E
∗);

– K ⊂ E∗ ⊗ Λ2
0(E

∗) is the kernel of the “Bianchi” symmetrizer 1+ (123) + (132), i.e., the space o
all tensorsT ∈ E∗ ⊗Λ2

0(E
∗) satisfying the identityT (e1, e2, e3)+T (e2, e3, e1)+T (e3, e1, e2) = 0,

for all e1, e2, e3 ∈ E. Another description ofK, in terms of Young symmetrizers, is as the image
E∗ ⊗E∗ ⊗E∗ under(1−(23))(1+(12)), followed by the projectionE∗ ⊗Λ2(E∗) → E∗ ⊗Λ2

0(E
∗).

• The Sp1-decomposition:

Σ ⊗ Σ2 ∼= Σ ⊕ Σ3,

where
– Σ → Σ ⊗ Σ2 is given by tensoring withω, θ �→ ω ⊗ θ , followed by orthogonal projection o

Σ ⊗ Σ2 (symmetrization in the second and third entries).
– Σ3 → Σ ⊗ Σ2 is given by inclusion.

The above information, once inserted into formula(2), yields

Proposition 1. TheSpnSp1 torsion spaceW := V∗ ⊗ g⊥ decomposes into the direct sum of6 irreducible
non-isomorphic subspaces, corresponding to the6 summands one gets after expanding the right-h
side of

[V∗ ⊗ g
⊥] ⊗ C ∼= [

E∗ ⊗ Λ2
0(E

∗)
] ⊗ [Σ ⊗ Σ2] ∼= [

Λ3
0(E

∗) ⊕ E∗ ⊕ K
] ⊗ [Σ ⊕ Σ3].

Let us denote these 6 irreducible summands of the torsion space byW1, . . . ,W6,

W1 ⊗ C ∼= Λ3
0(E

∗) ⊗ Σ3, W2 ⊗ C ∼= E∗ ⊗ Σ3, W3 ⊗ C ∼= K ⊗ Σ3,

W4 ⊗ C ∼= Λ3
0(E

∗) ⊗ Σ, W5 ⊗ C ∼= E∗ ⊗ Σ, W6 ⊗ C ∼= K ⊗ Σ .

Note that since the 6 summands are non-isomorphic, they must be mutually orthogonal.
Finally, note that forn = 2, sinceΛ3

0(E
∗) = 0, there are only 4 irreducible summands (omittingW1

andW4).

2. The SpnSp1 Bochner formula

2.1. The Bochner formula for orthogonalG-structures

Let us recall from our previous article[2] the general Bochner type formula for an orthogo
G-structure on a compact manifold, whereG is the stabilizer of ak-form Φ:

(3)
∫
M

‖dΦ‖2 + ‖δΦ‖2 − ‖∇Φ‖2 =
∫
M

〈R̃Φ,Φ〉,

whereR̃ is the operator onk-forms obtained from the Riemann curvature tensorR as follows: conside
R as a section ofΛ2(M) ⊗ Λ2(M), R = ∑

α ⊗ β, thenR̃Φ = ∑
α · (β · Φ).

Next, we make the following assumptions onG:
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(i) g⊥ is irreducible.
(ii) W = V∗ ⊗ g⊥ is multiplicity free.

Note: both assumption are satisfied for our groupG = SpnSp1 (seeSection 1.3).
With these assumptions, one decomposesW = ⊕r

i=1 Wi , where theWi areG-irreducible and pairwise
non-isomorphic (by assumption (ii)) and accordingly∇Φ = ∑r

i=1(∇Φ)i , with (∇Φ)i ∈ W̃i , whereW̃i is
the image ofWi under the embeddingW = V∗ ⊗ g⊥ → V∗ ⊗ Λk(V ∗), θ ⊗ β �→ θ ⊗ (β · Φ). Since the
W̃i are irreducible and non-isomorphic they are mutually orthogonal, hence‖∇Φ‖2 = ∑r

i=1 ‖(∇Φ)i‖2.
From∇Φ one obtainsdΦ = alt(∇Φ) andδΦ = − int(∇Φ) by the linear maps alt :V∗ ⊗ Λk(V∗) →

Λk+1(V∗) (exterior product, oralternation) and int :V∗ ⊗ Λk(V∗) → Λk−1(V∗) as inSection 1.2.
When restricting theG-equivariant maps alt and int to the irreducible summandsW̃i they must be

a homothety onto their image (by Schur’s lemma), hence there exist non-negative constantsai , bi ,
such that‖alt(w̃i)‖2 = ai‖w̃i‖2, ‖ int(w̃i)‖2 = bi‖w̃i‖2, for all w̃i ∈ W̃i , i = 1, . . . , r . It follows that
‖dΦ‖2 = ∑r

i=1 ai‖(∇Φ)i‖2 and‖d∗Φ‖2 = ∑r
i=1 bi‖(∇Φ)i‖2.

Let τ = ∑
τi be the decomposition of the intrinsic torsion into irreducibles,τi ∈ Wi . Then, by

assumption (i), the mapV ∗ ⊗ g⊥ → W̃ , τ �→ ∇Φ, is a homothety, hence there is a constantC > 0
such that‖(∇Φ)i‖2 = C‖τi‖2.

Regarding the curvature term on the right hand side of formula(3), we recall from[2] the following
calculation:

〈R̃Φ,Φ〉 =
∑〈

α · (β · Φ),Φ
〉 = −

∑
〈β · Φ,α · Φ〉 = C tr(R,g⊥〉,

where tr(R,g⊥〉 denotes “the trace of the(g⊥,g⊥) block” of the curvature operator (the latter isR
interpreted as an endomorphism ofΛ2(V∗); note also an annoying switching of signs betweenR and
R which we are unable to avoid).

In this way, after we determine the homothety factorsai, bi (in the next subsection), formula(3)
becomes

(4)
r∑

i=1

ci

∫
M

‖τi‖2 =
∫
M

tr(R,g⊥),

with ci = ai + bi − 1.

2.2. The homothety factorsai, bi for G = SpnSp1

For eachi = 1, . . . ,6 we pick a non-zero elementwi ∈ Wi ⊗ C, determine its imagẽwi ∈ W̃i ⊗ C,
apply alt and int, and calculate norms. The outcome of this calculation is given in the following tab
the next subsection we give some information on the calculations involved in obtainingTables 1 and 2.

Remarks.
1. Forn � 3, it follows immediately from the fact that all theai �= 0 that the fundamental 4-formΦ is

parallel if it is closed. This has already been noticed before by Swan[8].
2. The casen = 2 is different fromn � 3 in two respects: first, the components(∇Φ)1 and (∇Φ)4

are absent; and second, of the 4 remaining terms, the component alt((∇Φ)3) vanishes identically
Consequently, the vanishing ofdΦ is not sufficient in general to guarantee the vanishing of∇Φ. In fact,



G. Bor, L. Hernández Lamoneda / Differential Geometry and its Applications 21 (2004) 79–92 85
Table 1
Summary of calculations forn � 3

wi ‖w̃i‖2 ‖alt(w̃i)‖2 ‖ int(w̃i)‖2 ai bi

W1 a ⊗ s 12n 15(2n − 1) 9 5(2n−1)
4n

3
4n

W2 b ⊗ s 4(n − 1)(2n + 1) 5(n − 1)(2n + 1) (n − 1)(2n + 1)2 5
4

2n+1
4

W3 c ⊗ s 4n n − 2 0 n−2
4n

0

W4 a ⊗ t 18n 18(n + 1) 0 n+1
n 0

W5 b ⊗ t 6(n − 1)(2n + 1) 12(n − 1)(2n + 1) 12(n − 1)2(2n + 1) 2 2(n − 1)

W6 c ⊗ t 6n 6n − 3 9 2n−1
2n

3
2n

Table 2
Summary of calculations forn = 2

wi ‖w̃i‖2 ‖alt(w̃i)‖2 = ‖ int(w̃i)‖2 ai = bi

W2 b ⊗ s 20 25 5/4
W3 c ⊗ s 8 0 0
W5 b ⊗ t 30 60 2
W6 c ⊗ t 12 9 3/4

Salamon[6] has recently constructed a compact 8-manifold carrying a non-parallel Sp2Sp1-structure with
closedΦ.

As a consequence of the calculation we get the following:

Theorem 1. Let M be a compact4n-dimensional manifold,n � 2, with an SpnSp1-structure with
an intrinsic torsionτ . Let τ = ∑6

i=1 τi be the decomposition ofτ into irreducible components(see
Proposition1; note that forn = 2, τ1 = τ4 = 0). SetEi = ∫

M
‖τi‖2, i = 1, . . . ,6. Let tr(R,g⊥) be the

trace of the Riemann curvature operator ofM restricted to the orthogonal complementg⊥ of the Lie
algebra ofSpnSp1 in Λ2(V∗), followed by orthogonal projection ontog⊥. Then for alln � 3

3n − 1

2n
E1 + n + 1

2
E2 − 3n + 2

4n
E3 + 1

n
E4 + (2n − 1)E5 + 1

n
E6 =

∫
M

tr(R,g⊥).

For n = 2 the formula is

3

2
E2 − E3 + 3E5 + 1

2
E6 =

∫
M

tr(R,g⊥).

2.3. Comments regarding the calculation ofai , bi

1. Denote the basis elementszα ⊗ p, zα ⊗ p, zα ⊗ q, zα ⊗ q of E∗ ⊗ Σ ∼= V∗ ⊗ C by pα,p
α, qα, q

α

(respectively). In terms of this basis, the (C-bilinear) inner-product is given by〈pα, q
α〉 = 1, 〈pα, qα〉 =

−1, and the remaining pairs of elements of the basis are orthogonal.
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2. Denote basis elements ofΛ∗(E∗) by zαβ := zα ∧zβ , zβ
α := zα ∧zβ , zγ

αβ := zα ∧zβ ∧zγ (in this order),
. . . etc. Similarly, denote basis elements ofΛ∗(E∗ ⊗Σ) ∼= Λ∗(V∗)⊗C by pαβ = pα ∧pβ , pβ

α = pα ∧pβ ,
p

γ

αβ := pα ∧ pβ ∧ pγ , . . . etc.
3. Omit the⊗ symbol; e.g.,p2 = p ⊗ p ∈ Σ2, z1z

3
2 = z1 ⊗ (z2 ∧ z3), . . .etc.

4. Define the following elements in the three irreducible summands ofE∗ ⊗ Λ2
0(E

∗):

• In theΛ3
0(E

∗) summand, forn � 3, let

a := z1z23 + z2z31 + z3z12;
i.e.,a = z123 up to a constant.

• In theE∗ summand, let

b := z1Ω/n +
∑

α

zαz1α − zαz
α
1 .

This we get by starting withz1 ∧ Ω = const.(z1Ω + ∑
a[zαz1α − zαz

α
1]) ∈ E∗ ⊗ Λ2(E∗), then

apply, in theΛ2(E∗) factor, orthogonal projection ontoΛ2
0(E

∗). Using the Hermitian inner produc
h( · , · ), this projection isβ �→ β − h(β,Ω)

h(Ω,Ω)
Ω . Now h(Ω,Ω) = ∑

α,β h(zα
α, z

β

β) = n, and soz1Ω �→ 0,∑
a zαz1α �→ ∑

a zαz1α and−∑
a zαz

α
1 �→ ∑

a zαh(zα
1,Ω)Ω/n − zαz

α
1 = z1Ω/n − ∑

a zαz
α
1, from

which the value ofb follows.
• In theK summand, let

c := z1z12.

This is obtained by applying the Young symmetrizer(1 − (23))(1 + (12)) to z1z1z2, followed by
orthogonal projection ontoE∗ ⊗ Λ2

0(E
∗), as described beforeProposition 1.

5. Define the following elements in the irreducible summands of the decomposition ofΣ ⊗ Σ2:

• In theΣ3 summand: let

s = p3.

• In theΣ summand: let

t := p(pq + qp)/2− qp2.

This we get by applying the process described beforeProposition 1to ωp = (pq − qp)p.

6. For each of the torsion space elementsw1 = a ⊗ s, w2 = b ⊗ s, . . . , as defined above, we need
find a corresponding elementw̃i ∈ W̃i ⊗ C ⊂ V∗ ⊗ (g⊥ · Φ) ⊗ C. For this, one needs in principle to wri
explicitly Φ and apply·Φ :g⊥ → Λ4(V∗) to the second factor inV∗ ⊗ g⊥. However, we found that i
was easier to “guess” the outcome of this map. The point is thatanynon-zeroG-equivariant mapg⊥ →
Λ4(V∗) will do: one can verify first that the irreducibleG-representationg⊥ ⊗C ∼= Λ2

0(E
∗)⊗Σ2 appears

with multiplicity 1 in Λ4(V∗)⊗C ∼= Λ4(E∗ ⊗Σ); hence, by Schur’s lemma, any twoG-equivariant maps
g⊥ ⊗ C → Λ4(V∗) ⊗ C coincide, up to a constant. We proceed to give such a map as a composi
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is a
“obvious” maps as follows:

Λ2
0(E

∗) ⊗ Σ2 f1−→ Λ2(E∗) ⊗ Σ2 f2−→ Λ2(E∗) ⊗ Λ2(E∗) ⊗ Σ2

f3−→ Λ2(E∗) ⊗ Λ2(E∗) ⊗ Λ2(Σ2)
f4−→ Λ2(E∗) ⊗ Λ2(E∗) ⊗ Σ2 ⊗ Σ2

f5−→ Λ2(E∗) ⊗ Σ2 ⊗ Λ2(E∗) ⊗ Σ2 f6−→ Λ2(E∗ ⊗ Σ) ⊗ Λ2(E∗ ⊗ Σ)

f7−→ Λ4(E∗ ⊗ Σ),

where

• f1 is given by the inclusionΛ2
0(E

∗) → Λ2(E∗) tensored with the identity map onΣ2;
• f2 is given by inserting the Spn-invariantΩ = ∑

zα
α in the second factor ofΛ2(E∗) ⊗ Λ2(E∗) ⊗ Σ2;

• f3 is given by the identity map onΛ2(E∗) ⊗ Λ2(E∗) tensored with an Sp1-isomorphismΣ2 →
Λ2(Σ2) (essentially the Hodge isomorphism; note thatΣ2 is 3-dimensional):

p2 �→ p2(pq + qp) − (pq + qp)p2,

pq + qp �→ 2(p2q2 − q2p2),

q2 �→ (pq + qp)q2 − q2(pq + qp);
• f4 is given by the identity map onΛ2(E∗)⊗Λ2(E∗) tensored with the inclusionΛ2(Σ2) → Σ2⊗Σ2;
• f5 is given by interchanging the second and the third factor;
• f6 is given by the inclusionΛ2(E∗) ⊗ Σ2 → Λ2(E∗ ⊗ Σ) = [Λ2(E∗) ⊗ Σ2] ⊕ [S2(E∗) ⊗ Λ2(Σ)]

tensored with itself;
• f7 is given by antisymmetrization.

Each of these maps is clearly SpnSp1-equivariant, hence their composition is also, therefore it
constant multiple of the (complexification of the) desired map·Φ :g⊥ → Λ4(V∗).

Thus, for example, if we start withp12 = z12p
2 ∈ Λ2

0(E
∗) ⊗ Σ2 we obtain

z12p
2 f2◦f1�−→

∑
α

z12z
α
αp

2

f4◦f3�−→
∑

α

z12z
α
α

[
p2(pq + qp) − (pq + qp)p2

]
f5�−→

∑
α

z12
[
p2zα

α(pq + qp) − (pq + qp)zα
αp

2]
f6�−→

∑
α

[
p12(pαq

α + qαp
α) − (p1q2 + q1p2)p

α
α

]
f7�−→

∑
α

(p12α ∧ qα − pα
12 ∧ qα − pα

1α ∧ q2 + pα
2α ∧ q1).

As another example, takep1 ∧ q2 + q1 ∧ p2 = z12(pq + qp), obtaining

z12(pq + qp)
f4◦···◦f1�−→

∑
2z12z

α
α(p2q2 − q2p2) �→ 2

∑
(p12 ∧ qα

α − q12 ∧ pα
α).
α α
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7. To calculate the norms of thẽwi it is actually simpler to calculate the norm of thewi ∈ V∗ ⊗ g⊥ and
multiply by the homothety factorC of our mapg⊥ → Λ4. From either of the above examples one c
calculate this factor: takingz12(pq + qp), we have∥∥z12(pq + qp)

∥∥2 = ‖z12‖2‖pq + qp‖2 = 1 · 2 = 2,∥∥∥∥2
∑

α

(p12 ∧ qα
α − q12 ∧ pα

α)

∥∥∥∥
2

= 4(n + n) = 8n,

hence we get that the factor isC = 8n/2= 4n.
8. The zeros in the table are explained by showing thatΛ3(V∗) does not contain irreducible summan

of typeW3 or W4.
9. Now we need to calculate for each of the 6 elementswi ∈ Wi ⊗ C, the corresponding eleme

w̃i ∈ W̃i ⊗C ⊂ V∗ ⊗Λ4(V∗), then the norms of̃wi , alt(w̃i) and int(w̃i). This is not a particularly pleasan
task, even after all the above remarks and shortcuts. We shall present the calculation only for
elementw1 = a ⊗ s, after which the reader would rather check the other cases more efficiently by h
than follow our detailed presentation.

So if we start withw1 = a ⊗ s we end up with the following element̃w1:

a ⊗ s = (z1z23)p
3 + · · ·etc. �→ p1(z23p

2) + · · ·etc.

�→
∑

a

p1(p23α ∧ qα − pα
23 ∧ qα − pα

2α ∧ q3 + pα
3α ∧ q2) + · · ·etc.

= w̃1,

where “· · ·etc.” stands for 2 more similar terms obtained by cyclic permutations of 1, 2, 3.
We thus get

alt(w̃1) =
∑

α

(p123α ∧ qα − pα
123∧ qα − pα

12α ∧ q3 + pα
13α ∧ q2) + · · ·etc.

= −5p123∧ (p1 ∧ q1 + · · ·etc.)

+
∑
α�4

[
3p123∧ (pα ∧ qα − pα ∧ qα) − 2pα

α ∧ (p12 ∧ q3 + · · ·etc.)
]
,

int(w̃1) = 3p123.

Hence

‖w̃1‖2 = 4n‖w1‖2 = 4n · 3 = 12n,∥∥alt(w̃1)
∥∥2 = 25 · 3+ 9 · 2(n − 3) + 4(n − 3)3= 15(2n − 1),∥∥int(w̃1)
∥∥2 = 9,

and

a1 = 15(2n − 1)

12n
= 5(2n − 1)

4n
, b1 = 9

12n
= 3

4n
.

10. Forn = 2, we have the identity‖alt(w̃)‖2 = ‖ int(w̃)‖2, w̃ ∈ W̃ . This follows from the (anti-)self-
duality of the 4-formΦ: use the identity∗(θ ∧ ψ) = int(θ ⊗ ∗ψ), holding for any 1-formθ andp-form
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ψ ; applied tow̃ = θ ⊗ (β ·Φ), β ∈ g⊥, get∗[alt(w̃)] = int[θ ⊗ ∗(β ·Φ)] = int[θ ⊗ (β · ∗Φ)] = ± int(w̃),
hence‖alt(w̃)‖ = ‖ int(w̃)‖. A quick representation theoretic proof of the (anti-)self-duality ofΦ,
without an explicit calculation ofΦ, consists of verifying that the trivial subspace (G-fixed) of Λ4(V∗)
is 1-dimensional. Since the Hodge star commutes with theG-action we have that∗Φ = cΦ; but ∗ is an
isometry, hencec must be±1.

3. Applications

Definition 1. An SpnSp1-structure with vanishing torsion,τ = 0, is called quaternionic-Kähler.

All the applications we shall present here are based on the following obvious conseque
Theorem 1:

Corollary 1. Let M be a 4n-dimensional compact manifold with anSpnSp1-structure such tha
tr(R,g⊥) � 0 and τ3 = 0, or tr(R,g⊥) � 0 and τ = τ3 (i.e., τ1 = τ2 = τ4 = τ5 = τ6 = 0 for n � 3, or
τ2 = τ5 = τ6 = 0 for n = 2). Then the structure is in fact quaternionic-Kähler.

We shall now study the conditions appearing in the above corollary.

Definition 2. A Riemannian manifold(M, 〈 , 〉) is said to have a non-positive complex sectio
curvature,KC � 0, if for everyp ∈ M and every pairz,w ∈ T ∗

p M ⊗ C,〈
R(z ∧ w),z ∧ w

〉
� 0.

For example, a manifold with a negative semi-definite curvature operator,R � 0 (e.g., a hyperbolic
manifold, or more generally a symmetric space of non-compact type), has obviously a non-p
complex sectional curvature. A weaker sufficient condition forKC � 0 is that the (usual) section
curvature is negative and “pointwise 1/4-pinched”, i.e.,−κ � K � −κ

4 for some positive functionκ
on M (see[3]).

Proposition 2. If KC � 0 then the curvature term in theSpnSp1 Bochner formula(see Theorem1) is � 0.

Proof. First note thatg⊥ ⊗C = Λ2
0(E

∗)⊗Σ2 contains a non-zero decomposable element, e.g.,p1∧p2 =
z12p

2. Next, define the following linear functional,T , on the space of curvature type operators:

T (R) = 1

vol(G)

∫
G

〈
R(gp1 ∧ gp2), gp1 ∧ gp2

〉
dµG.

Clearly, T (R) � 0 if KC � 0, so it is enough to show thatT (R) is a positive constant multipl
of tr(R,g⊥). Let π : End(Λ2) → End(g⊥) be given byR �→ R⊥, whereR⊥ is the restriction of
R ∈ End(Λ2) to g⊥ followed by projection ontog⊥ (i.e. the “(g⊥,g⊥)-block” of R). It is clear,
by their definitions, that bothT (R) and tr(R,g⊥) are G-invariant linear functionals that facto
throughπ . By Schur’s lemma, the space ofG-invariant linear functionals on End(g⊥) is 1-dimensional
(since g⊥ is irreducible). Therefore,T (R) must be a multiple of tr(R,g⊥). Evaluating atR =
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idΛ2 (the curvature operator of a sphere) we get that tr(R,g⊥) = (dimg⊥)T (R) and the statemen
follows. �

It follows from this proof that the proposition holds for any orthogonalG such thatg⊥ is irreducible
andg⊥ ⊗C contains a non-zero decomposable 2-form. For example, forG = Un ⊂ SO2n, n � 2 (see also
[4, Lemma 4.2]).

Next, we find a natural condition implyingτ3 = 0.

Definition 3. An SpnSp1-structure on a manifold is said to be quaternionic-Hermitian if the assoc
GLn(H)H∗-structure is torsionless.

One can identify the intrinsic torsion space for GLn(H)H∗ with the subspace[E∗ ⊗ Λ2
0(E

∗)] ⊗ Σ3 =
W1 ⊕ W2 ⊕ W3; thus, an SpnSp1-structure is quaternionic-Hermitian if and only ifτ1 = τ2 = τ3 = 0
(τ2 = τ3 = 0 for n = 2).

This condition is attractive also because it turns out to be equivalent to the integrability of the can
almost complex structure on the twistor space associated with a manifold with an SpnSp1-structure (see
[7]).

Corollary 2. A compact quaternionic-Hermitian manifold with non-positive complex sectional curv
is quaternionic-Kähler.

Proof. This is a consequence ofCorollary 1andProposition 2. �
A theorem of S.K. Yeung[9] states thata compact quaternionic-Kähler manifold with negati

pointwise1/4-pinched sectional curvature is a quotient of the quaternionic-hyperbolic space. Using
Corollary 2 we can strengthen this result by relaxing the assumption of “quaternionic-Kähle
“quaternionic-Hermitian”:

Corollary 3. A compact quaternionic-Hermitian manifoldM with negative1/4-pinched sectiona
curvature is a quotient of the quaternionic-hyperbolic space.

Proof. According to [3], negative 1/4-pinched sectional curvature implies non-positive comp
sectional curvature. ApplyingCorollary 2we get thatM is quaternionic-Kähler. Now apply the theore
of Yeung. �

Now we applyCorollary 1to get an analog ofCorollary 2for the closely related manifolds with a
Spn structure (referred to sometimes as an “almost-hyper-Hermitian” structure).

Definition 4. An Spn-structure is said to be hyper-Hermitian if the associated GLn(H)-structure is
torsionless (this is equivalent to the integrability of the three associated almost complex str
I, J,K). A torsionless Spn-structure is called hyper-Kähler (this means the 3 complex structure
parallel with respect to the Levi-Civita connection,∇I = ∇J = ∇K = 0).

Corollary 4. Let M4n, n � 2, be a compact manifold with a hyper-Hermitian structure. Iftr(R,g⊥) � 0
then the structure is hyper-Kähler.
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Proof. A hyper-Hermitian Spn-structure induces a quaternionic-Hermitian structure, and thus
Corollary 1, M is quaternionic-Kähler. Now according to Theorem 4.3 of[1], a complex structure
compatible with a quaternionic-Kähler structure is necessarily parallel. Apply this to the 3 co
structuresI, J,K . �
Corollary 5. Let M4n, n � 2, be a compact manifold with a hyper-Hermitian structure. IfKC � 0 then
the structure is flat(hyper-Kähler withR= 0).

Proof. By Proposition 2tr(R,g⊥) � 0, hence, by theCorollary 4, the structure is hyper-Kähler. Th
implies that the scalar curvature vanishes[5]. Now non-positive complex sectional curvature,KC � 0,
implies that the (usual) sectional curvature is non-positive,K � 0; but the scalar curvature is a
“averaged” sectional curvature, henceK = 0, which impliesR= 0. �
Remark. The last two corollaries are clearly false in the non-compact case: take the standar
hyper-Kähler structure inHn, restrict to the open unit ball and change the metric to the hyperbolic m
(K = −1). Since this is a conformal change of metric the structure remains hyper-Hermitian, but i
hyper-Kähler and not flat.

Finally, here is an application with a positive curvature assumption.

Corollary 6. Let M be a compact8-dimensional manifold with anSp2Sp1-structure for whichdΦ = 0
and tr(R,g⊥) � 0 (e.g., ifKC � 0). ThenM is quaternionic-Kähler.

Proof. The conditiondΦ = 0 impliesτ2 = τ5 = τ6 = 0 (seeTable 2), i.e., τ = τ3, so that the left-hand
side of the Bochner formula is non-positive. The condition tr(R,g⊥) � 0 implies that the right-hand sid
is non-negative, henceτ = 0. �
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